Published by Institute of Physics Publishing for SISSA Received: March 14, 2005 Accepted: April 18, 2005 Published: May 5, 2005

Multi-gluon collinear limits from MHV diagrams

Thomas G. Birthwright, E. W. Nigel Glover, Valentin V. Khoze and Peter Marquard

Department of Physics, University of Durham Durham DH1 3LE, U.K.

E-mail: T.G.Birthwright@durham.ac.uk, E.W.N.Glover@durham.ac.uk,

Valya.Khoze@durham.ac.uk, Peter.Marquard@durham.ac.uk

Abstract: We consider the multi-collinear limit of multi-gluon QCD amplitudes at tree level. We use the MHV rules for constructing colour ordered tree amplitudes and the general collinear factorization formula to derive timelike splitting functions that are valid for specific numbers of negative helicity gluons and an arbitrary number of positive helicity gluons (or vice versa). As an example we present new results describing the collinear limits of up to six gluons.

Keywords: Duality in Gauge Field Theories, NLO Computations, QCD.

©SISSA 2005 http://jhep.sissa.it/archive/papers/jhep052005013.pdf /jhep052005013.pdf

Contents

1. Introduction 1

2. Colour ordered amplitudes in the spinor helicity formalism 4

3. The multiple collinear limit 5

4. Results 8 4.1 General results 8 4.1.1 ΔM = 0 8 4.1.2 ΔM = 1 9 4.1.3 ΔM = 2 10 4.2 Specific results for n < 7 13 4.2.1 n = 2 13 4.2.2 n = 3 result from MHV rules 14 4.2.3 n = 3 result from the BCF recursion relation 15 4.2.4 n = 4 16 4.2.5 n = 5 18 4.2.6 n = 6 20

5. Conclusion 21

1. Introduction

The interpretation of N = 4 supersymmetric Yang-Mills theory and QCD as a topological string propagating in twistor space [1], has inspired a new and powerful framework for computing tree-level and one-loop scattering amplitudes in Yang-Mills gauge theory. Notably, two distinct formalisms have been developed for calculations of scattering amplitudes in gauge theory — the ‘MHV rules’ of Cachazo, Svrček and Witten (CSW) [2], and the ‘BCF recursion relations’ of Britto, Cachazo, Feng and Witten [3, 4].

In this paper, we wish to exploit these formalisms to examine the singularity structure of tree-level amplitudes when many gluons are simultaneously collinear. Understanding the infrared singular behaviour of multi-parton amplitudes is a prerequisite for computing infrared-finite cross sections at fixed order in perturbation theory. In general, when one or more final state particles are either soft or collinear, the amplitudes factorise. The first factor in this product is an amplitude depending on the remaining hard partons in the process (including any hard partons constructed from an ensemble of unresolved partons). The second factor contains all of the singularities due to the unresolved particles. One of

– 1 – the best known examples of this type of factorisation is the limit of tree amplitudes when two particles are collinear. This factorisation is universal and can be generalised to any number of loops [5].

Both frameworks, the MHV rules and the BCF recursion relations, are remarkably powerful in deriving analytic expressions for massless multi-particle tree-level amplitudes. At the same time, for the specific purpose of deriving general multi-collinear limits, we find the MHV rules approach to be particularly convenient.

A useful feature of the MHV rules is that it is not required to set reference spinors η_α and η_{α̇} to specific values dictated by kinematics or other reasons. In this way, on-shell (gauge-invariant) amplitudes are derived for arbitrary η’s, i.e. without fixing the gauge. By starting from the appropriate colour ordered amplitude and taking the collinear limit, the full amplitude factorises into an MHV vertex multiplied by a multi-collinear splitting function that depends on the helicities of the collinear gluons. Because the MHV vertex is a single factor, the collinear splitting functions have a similar structure to MHV amplitudes. Furthermore, the gauge or η-dependence of the splitting function drops out.

One of the main points of our approach is that, in order to derive all required splitting functions we do not need to know the full amplitude. Out of the full set of MHV-diagrams contributing to the full amplitude, only a subset will contribute to the multi-collinear limit. This subset includes only those MHV-diagrams which contain an internal propagator which goes on-shell in the multi-collinear limit. In other words, the IR singularities in the MHV approach arise entirely from internal propagators going on-shell. This observation is specific to the MHV rules method and does not apply to the BCF recursive approach. We will see in section 4.2.3 that in the BCF picture collinear splitting functions generically receive contributions from the full set of allowed BCF diagrams.^1 In view of this, we will employ the MHV rules of [2] for setting up the formalism and for derivations of general multi-collinear amplitudes. At the same time, various specific examples of multi-collinear splitting amplitudes derived in this paper will also be checked in section 4.2 using the BCF recursion relations [3].

The basic building blocks of the MHV rules approach [2] are the colour-ordered npoint vertices which are connected by scalar propagators. These MHV vertices are off-shell continuations of the maximally helicity-violating (MHV) n-gluon scattering amplitudes of Parke and Taylor [6, 7]. They contain precisely two negative helicity gluons. Written in terms of spinor inner products [8], they are composed entirely of the holomorphic products ⟨i j⟩ of the right-handed (undotted) spinors, rather than their anti-holomorphic partners [i j],

A_n(1^+, . . . , p^− , . . . , q^− , . . . , n^+) =

⟨p q⟩^4 ⟨1 2⟩ ⟨2 3⟩ · · · ⟨n − 1, n⟩ ⟨n 1⟩

, (1.1)

where we introduce the common notation ⟨p_i p_j⟩ = ⟨i j⟩ and [p_i p_j] = [i j]. By connecting MHV vertices, amplitudes involving more negative helicity gluons can be built up.

1This is because the required IR poles in the BCF approach arise not only from propagators going on-shell, but also from the constituent BCF vertices.

– 2 –

The MHV rules for gluons [2] have been extended to amplitudes with fermions [9]. New compact results for tree-level gauge-theory results for non-MHV amplitudes involving arbitrary numbers of gluons [10 – 12], and fermions [9, 13 – 15] have been derived. They have been applied to processes involving external Higgs bosons [16, 17] and electroweak bosons [18]. MHV rules for tree amplitudes have further been recast in the form of recursive relations [12, 18, 17] which facilitate calculations of higher order non-MHV amplitudes in terms of the known lower-order results. In many cases new classes of tree amplitudes were derived, and in all cases, numerical agreement with previously known amplitudes has been found.

MHV rules have also been shown to work at the loop-level for supersymmetric theories. Building on the earlier work of Bern et al [19, 20], there has been enormous progress in computing cut-constructible multi-leg loop amplitudes in N = 4 [21 – 30] and N = 1 [31, 33, 32, 34] supersymmetric gauge theories. Encouraging progress has also been made for non-supersymmetric loop amplitudes [35 – 37].

Remarkably, the expressions obtained for the infrared singular parts of N = 4 one-loop amplitudes (which are known to be proportional to tree-level results) were found to produce even more compact expressions for gluonic tree amplitudes [30, 38]. This observation led to the BCF recursion relations [3, 4] discussed earlier as well as extremely compact six-parton amplitudes [39, 40] and expressions for MHV and NMHV graviton amplitudes [41, 42].

The factorisation properties of amplitudes in the infrared play several roles in developing higher order perturbative predictions for observable quantities. First, a detailed knowledge of the structure of unresolved emission enables phase space integrations to be organised such that the infrared singularities due to soft or collinear emission can be analytically extracted [45 – 47]. Second, they enable large logarithmic corrections to be identified and resummed. Third, the collinear limit plays a crucial role in the unitarity-based method for loop calculations [19, 20, 48, 49].

In general, to compute a cross section at N^nLO, one requires detailed knowledge of the infrared factorisation functions describing the unresolved configurations for n-particles at tree-level, (n − 1)-particles at one-loop etc. The universal behaviour in the double collinear limit is well known at tree-level (see for example refs. [50, 51]), one-loop [52, 19, 53 – 56] and at two-loops [57, 58]. Similarly, the triple collinear limit has been studied at treelevel [59 – 62] and, in the case of distinct quarks, at one-loop [63]. Finally, the tree-level quadruple gluon collinear limit is derived in ref. [64].

Our paper is organised as follows. In section 2, we briefly review the spinor helicity and colour ordered formalism that underpins the MHV rules. Section 3 describes the procedure for taking the collinear limit and deriving the splitting functions. We write down a general collinear factorization formula, which is valid for specific numbers of negative helicity gluons and an arbitrary number of positive helicity gluons and demonstrate that the gauge dependence explicitly cancels. We find it useful to classify our results according to the difference between the number of negative helicity gluons before taking the collinear limit, and the number after. We call this difference ΔM. We provide formulae describing an arbitrary number of gluons for ΔM ≤ 2 in section 4.1. Specific explicit results for the collinear limits of up to six gluons are given in section 4.42. We have numerically checked

– 3 – that our results agree with the results available in the literature for three and four collinear gluons [64]. Our findings are summarized in section 5.

2. Colour ordered amplitudes in the spinor helicity formalism

Tree-level multi-gluon amplitudes can be decomposed into colour-ordered partial amplitudes as

A_n({p_i, λ_i, a_i}) = ig^{n−2} � σ∈S_n/Z_n

Tr(T^{aσ(1)} · · · T^{aσ(n)} ) A_n(σ(1^{λ 1} , . . . , n^{λ n} )) . (2.1)

Here S_n/Z_n is the group of non-cyclic permutations on n symbols, and j^{λ j} labels the momentum p_j and helicity λ_j of the j^{th} gluon, which carries the adjoint representation index a_i. The T^{ai} are fundamental representation SU(N_c) colour matrices, normalized so that Tr(T^aT^b) = δ^{ab}. The strong coupling constant is α_s = g^2/(4π). The MHV rules method of ref. [2] is used to evaluate only the purely kinematic amplitudes A_n. Full amplitudes are then determined uniquely from the kinematic part A_n, and the known expressions for the colour traces.

In the spinor helicity formalism [8, 6, 7] an on-shell momentum of a massless particle, p_μ p^μ = 0, is represented as p_{aȧ} ≡ p_μ σ^μ_{aȧ} = λ_aλ̃_ȧ , (2.2) where λ_a and λ̃_ȧ are two commuting spinors of positive and negative chirality. Spinor inner products are defined by^2

⟨λ, λ^′⟩ = ϵ_{ab}λ^aλ^{′b} , [λ̃, λ̃^′] = −ϵ_{ȧḃ}λ̃^ȧλ̃^{′ḃ} , (2.3)

and a scalar product of two null vectors, p_{aȧ} = λ_aλ̃_ȧ and q_{aȧ} = λ^′_aλ̃^′_ȧ, becomes

p_μ q^μ = − 1 2 ⟨λ, λ^′⟩[λ̃, λ̃^′] . (2.4)

The MHV rules of ref. [2] were developed for calculating purely gluonic amplitudes at tree level. In this approach all non-MHV n-gluon amplitudes (including MHV) are expressed as sums of tree diagrams in an effective scalar perturbation theory. The vertices in this theory are the MHV amplitudes of eq. (1.1) continued off-shell as described below, and connected by scalar propagators 1/q^2.

When one leg of an MHV vertex is connected by a propagator to a leg of another MHV vertex, both legs become internal to the diagram and have to be continued off-shell. Off-shell continuation is defined as follows [2]: we pick an arbitrary reference spinor η^ȧ and define λ_a for any internal line carrying momentum q_{aȧ} by

λ_a = q_{aȧ}η^ȧ . (2.5)

External lines in a diagram remain on-shell, and for them λ is defined in the usual way. For the off-shell lines, the same reference spinor η is used in all diagrams contributing to a given amplitude.

2Our conventions for spinor helicities follow [1, 2], except that [ij] = −[ij] CSW as in ref. [65].

– 4 –

PSfrag replacements

Figure 1: Factorisation of an N-point colour ordered amplitude with gluons p_1, . . . , p_n collinear into splitting function for P → 1, . . . , n multiplied by an (N − n + 1)-point amplitude.

3. The multiple collinear limit

To find the splitting functions we work with the colour stripped amplitudes A_n. For these colour ordered amplitudes, it is known that when the collinear particles are not adjacent there is no collinear divergence [64]. Therefore, without loss of generality, we can take particles 1 . . . n collinear.

The multiple collinear limit is approached when the momenta p_1, . . . , p_n become parallel. This implies that all the particle subenergies s_{ij} = (p_i + p_j)^2, with i, j = 1, . . . , n, are simultaneously small. We thus introduce a pair of light-like momenta P^ν and ξ^ν (P^2 = 0, ξ^2 = 0), and we write

(p_1 + · · · + p_n)^ν = P^ν + s_{1,n} ξ^ν 2 ξ · P

, s_{i,j} = (p_i + · · · + p_j)^2 , (3.1)

where s_{1,n} is the total invariant mass of the system of collinear partons. In the collinear limit, the vector P^ν denotes the collinear direction, and the individual collinear momenta are p^ν_i → z_iP^ν . Here the longitudinal-momentum fractions z_i are given by

z_i = ξ · p_i ξ · P

(3.2)

and fulfil the constraint

�_m i=1 z_i = 1. To be definite, in the rest of the paper we work in the time-like region so that (s_{ij} > 0, 1 > z_i > 0).

As illustrated in figure 1, in the multi-collinear limit an N-gluon colour ordered tree amplitude factorises and can be written as

A_N (1^{λ 1} , . . . , N^{λ N} ) → split(1^{λ 1} , . . . , n^{λ n} → P^λ )×A_{N−n+1} ((n+1)^{λ n+1} , . . . , N^{λ N} , P^λ ) . (3.3)

This labelling of the splitting amplitude split(1^{λ 1} , . . . , n^{λ n} → P^λ ) differs from the usual definition because we use the momentum and helicity that participates in the resultant amplitude P^λ rather than −P^{−λ} . With this choice, it is easier to see how the helicity is conserved in the splitting, i.e. helicity λ^1, . . . , λ^n is replaced by λ.

There are two different types of collinear limit [2], those that conserve the number of negative helicity gluons between the initial state and the final collinear state, and those that do not.

– 5 –

Only the limits of the type split(1^+, . . . , n^+ → P^+) and split(1^− , 2^+, . . . , n^+ → P^− ) can contribute to the negative helicity conserving case, and these collinear splitting functions are straightforward to derive directly from the simple MHV vertex.

All other limits belong to the second class which do not conserve the number of negative helicity gluons, and therefore we classify our results according to the difference between the number of negative helicity gluons before taking the collinear limit, and the number after, ΔM. We find that ΔM corresponds to the order of MHV diagram needed to find a particular collinear limit, as follows,

ΔM = 0 ⇒ MHV : 1^+, 2^+, 3^+, . . . , n^+ → P^+ 1^− , 2^+, 3^+, . . . , n^+ → P^−

ΔM = 1 ⇒ NMHV : 1^− , 2^+, 3^+, . . . , n^+ → P^+ 1^− , 2^− , 3^+, . . . , n^+ → P^−

ΔM = 2 ⇒ NNMHV : 1^− , 2^− , 3^+, . . . , n^+ → P^+ 1^− , 2^− , 3^− , . . . , n^+ → P^− (3.4)

and so on for all ΔM > 2 cases.

The splitting functions are derived by examining the general form of MHV diagrams, which consist of MHV vertices and scalar propagators. The general form of the n-particle collinear splitting functions is given by

ΔM = 0 : ∝ 1 ⟨ ⟩^{n−1}

, (3.5)

ΔM ≠ 0 : ∝ 1 [ ]^{v−1} ⟨ ⟩^{n−v}

, (3.6)

such that (v − 1) + (n − v) = n − 1, where v is the number of vertices, and thus v − 1 is the number of scalar propagators. From (3.6) it follows that for an MHV-diagram to contribute to ΔM ≠ 0 collinear limits, it is required to contain anti-holomorphic spinor products [i j] of collinear momenta. However, because on-shell MHV vertices are entirely holomorphic, within the MHV rules there are only two potential sources of the anti-holomorphic spinor products. One source is scalar propagators 1/s_{ij} = 1/ ⟨i j⟩ [j i] which inter-connect MHV vertices. The second source is the off-shell continuation of the corresponding connected legs in the MHV vertices. Each off-shell continued leg of momentum P gives rise to a factor ⟨iP ⟩ ∝ ⟨i|P |η] which gives rise to anti-holomorphic factors of [jη]. When the reference spinors η_{α̇} are kept general, and specifically, not set to be equal to one of the momenta in the collinear set, the η-dependence must cancel and the off-shell continuation cannot give rise to an overall factor of [i j].

Therefore, the only source of singular anti-holomorphic factors are MHV-diagrams that contain an internal propagator of momentum q_{i+1,j} = p_{i+1} + · · · + p_j which is a sum of

– 6 – external momenta from the collinear set such that q^2 = s_{i+1,j} → 0. Hence, we conclude that only a subset of MHV-diagrams contributes to multi-collinear limits of tree amplitudes. The subset is determined by requiring that all v − 1 internal propagators are on-shell in the multi-collinear limit. This is a powerful constraint on the types of the contributing diagrams and it simplifies the calculation.^3

We exploit the universal nature of the splitting function by choosing to start with an amplitude with (n + 3) external legs, i.e. setting N = n + 3 in eq. (3.3). The helicities of the gluons are adjusted so that the remnant ‘hard’ four point MHV amplitude A_4(P^λ , (n + 1)^+, (n + 2)^{−λ} , (n + 3)^− ) is given by

A_4((n + 1)^+, (n + 2)^{−λ} , (n + 3)^− , P^λ ) =

⟨n + 3, X⟩^4 ⟨P, n + 1⟩ ⟨n + 1, n + 2⟩ ⟨n + 2, n + 3⟩ ⟨n + 3, P ⟩ (3.7) with X = P for λ = − and X = n + 2 for λ = +.

To read off the collinear limits from the MHV rules, we use the limiting expressions for the spinor products: ⟨a q⟩, ⟨b q⟩ and ⟨b a⟩. Here a is a particle from the collinear set, b is a particle which is not in the collinear set, and q is the sum of the collinear momenta from i + 1 to j. Hence, using

⟨a q⟩ = j� l=i+1

⟨a l⟩ [l η] , ⟨b q⟩ = j� l=i+1

⟨b l⟩ [l η] , (3.8)

and the expressions for spinors from the collinear set,

|l⟩ = √ z_l|P ⟩ , |l] = √ z_l|P ] , |a⟩ = √ z_a|P ⟩ , |a] = √ z_a|P ] , (3.9)

we have,

⟨a q⟩ → [P η] j� l=i+1

⟨a l⟩ √ z_l ≡ [P η] Δ_{(1)}(i, j; a) (3.10)

⟨b q⟩ → [P η] ⟨b P ⟩ j� l=i+1

z_l (3.11)

⟨b a⟩ → ⟨b P ⟩ √ z_a . (3.12)

Here we introduced the definition

Δ_{(1)}(i, j; a) = j� l=i+1

⟨a l⟩ √ z_l . (3.13)

Equations (3.10) and (3.11) contain a factor [P η] which, however, will always cancel in expressions for relevant splitting functions. As such we can read off the collinear limits

3Note that this selection rule would not apply to neither gauge-fixed MHV rules (where η’s are fixed to be equal to kinematic variables from the collinear set), nor to the BCF rules which mix holomorphic MHV vertices with anti-holomorphic MHV ones.

– 7 – of the amplitudes from the MHV-rules expressions by replacing terms on the left hand side of equations (3.10), (3.11) and (3.12) with the expressions on the right hand side of those equations, and further dropping the [P η] factors.

Certain terms in the sums that arise in MHV rules need special attention. These are the boundary terms involving either ⟨0 1⟩ or ⟨n n + 1⟩, and for these we have,

⟨n n + 1⟩ Δ_{(1)}(i, n; n + 1) → − √ z_n �_n

l=i+1 zl

, (3.14)

⟨0 1⟩ Δ_{(1)}(0, j; 0) → √ z_1 �_j

l=1 z_l

. (3.15)

We now present our results for the splitting functions.

4. Results

In this section we give the results for the multiple collinear limit of gluons. First we give the general results for an arbitrary number of gluons with ΔM ≤ 2. Afterwards we give explicit results for up to four collinear gluons for all independent helicity combinations, together with some specific examples for five and six collinear gluons.

4.1 General results

In this section we present the general results for the cases where the number of gluons with negative helicity changes by at most ΔM = 2, and those related by parity where the number of gluons with positive helicity changes at most by the same amount. With the help of parity these general splitting amplitudes are sufficient to obtain the explicit expressions for all helicity combinations of up to six gluons.

We will often use a more compact notation for the splitting amplitude. We denote the splitting amplitude for n collinear gluons, of which r have negative helicity, by:

split(1^+, . . . , m^−_1 , . . . , m^−_2 , . . . , m^−_r , . . . , n^+ → P^± ) = Split^{(n)}_± (m_1, . . . , m_r) . (4.1)

4.1.1 ΔM = 0 This is the simplest case which is read directly off the single MHV vertex. The denominator of an N-point MHV amplitude is factorised as follows (in the limit of collinear p_1, . . . , p_n):

⟨N, 1⟩ ⟨1, 2⟩ . . . ⟨n, n + 1⟩ . . . ⟨N − 1, N⟩ = � √ z_1z_n n−1� l=1 ⟨l, l + 1⟩ � × × � ⟨N, P ⟩ ⟨P, n + 1⟩ . . . ⟨N − 1, N⟩ � (4.2)

where the first factor contributes to the splitting function, and the second one is the denominator of the remaining hard MHV amplitude. Hence, the splitting function is

split(1^+, . . . , n^+ → P^+) = 1 √ z_1z_n

�_{n−1} l=1 ⟨l, l + 1⟩

, (4.3)

– 8 –

PSfrag replacements

Figure 2: MHV diagrams contributing to Split^{(n)}_+ (m_1). Negative helicity gluons are indicated by solid lines, while arbitrary numbers of positive helicity gluons emitted from each vertex are shown as dotted arcs.

and so by parity

split(1^− , . . . , n^− → P^− ) =

(−1)^{n−1} √ z_1z_n

�_{n−1}

l=1 [l, l + 1]

. (4.4)

Similarly,

split(1^+, . . . , m^−_1 , . . . , n^+ → P^− ) = z^2_{m1} √ z_1z_n

�_{n−1} l=1 ⟨l, l + 1⟩

, (4.5) and split(1^− , . . . , m^+_1 , . . . , n^− → P^+) =

(−1)^{n−1} z^2_{m1} √ z_1z_n

�_{n−1} l=1 [l, l + 1]

. (4.6)

4.1.2 ΔM = 1

This is the next-to-MHV (NMHV) case, and in the collinear limit we need to take into account only a subset of MHV diagrams. In fact, there is only a single MHV diagram (or more precisely a single class of MHV diagrams) which can contribute to Split^{(n)}_+ (m_1). It is shown in figure 2.^4 In the limit where gluons 1, . . . , n become collinear. The left vertex in figure 2 produces a ‘hard’ MHV amplitude while the right vertex generates the splitting function. We need to sum over i and j in figure 2 in such a way that only diagrams with a singular propagator are selected in the collinear limit. This puts a constraint j ≤ n where n is the number of collinear gluons. The resulting splitting function reads,

Split^{(n)}_+ (m_1) = 1 √ z_1z_n

�_{n−1} l=1 ⟨l, l + 1⟩

�_{m1−1}� i=0 n� j=m_1

Δ_{(1)}(i, j; m_1)^4 D(i, j, q_{i+1,j} ) � , (4.7)

where we define

D(i, j, q) = q^2_{i+1,j} ⟨i, i + 1⟩ ⟨j, j + 1⟩

Δ_{(1)}(i, j; i)Δ_{(1)}(i, j; i + 1)Δ_{(1)}(i, j; j)Δ_{(1)} (i, j; j + 1) . (4.8)

4MHV diagrams where hard negative helicity gluons are emitted from more than one vertex do not give rise to on-shell propagators and do not contribute in the singular limit.

– 9 –

PSfrag replacements

Figure 3: MHV diagrams contributing to Split^{(n)}_− (m_1, m_2).

Similarly, there are three (classes of) MHV-diagrams contributing to Split^{(n)}_− (m_1, m_2). They are shown in figure 3 and lead to a splitting function which reads

Split^{(n)}_− (m_1, m_2) = 1 √ z_1z_n

�_{n−1}

l=1 ⟨l, l + 1⟩ ×

× �_{m1−1} � i=0 m_2−1�

j=m_1

z^2_{m2} Δ_{(1)}(i, j; m_1)^4 D(i, j, q_{i+1,j} ) + m_2−1�

i=m_1 n� j=m_2

z^2_{m1} Δ_{(1)}(i, j; m_2)^4

D(i, j, q_{i+1,j} ) +

+ m_1−1�

i=0 n� j=m_2

⟨m_1 m_2⟩^4 D(i, j, q_{i+1,j} )

�_j � l=i+1

z_l

�_4� . (4.9)

The remaining splitting amplitudes of the form

split(1^− , . . . , m^+_1 , . . . , m^+_2 , . . . , m^+_r , . . . , n^− → P^± ) (4.10)

are obtained by parity transformation through the usual replacement ⟨l, k⟩ ↔ − [l, k].

4.1.3 ΔM = 2 The collinear limits with ΔM = 2 are derived from next-to-next-to-MHV (NNMHV) diagrams. There are four (classes of) MHV-diagrams contributing to Split^{(n)}_+ (m_1, m_2) which are shown in figure 4. The corresponding splitting function is,

Split^{(n)}_+ (m_1, m_2) = 1 √ z_1z_n

�_{n−1}

l=1 ⟨l, l + 1⟩ ×

× �_{m1−1} � i=0 n� j=m_2 m_2−1�

k=m_1 j� r=m_2

Δ_{(1)}(i, j; m_1)^4Δ_{(1)}(k, r; m_2)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r}) +

– 10 –

PSfrag replacements

Figure 4: MHV diagrams contributing to Split^{(n)}_+ (m_1, m_2).

+ m_1−1�

i=0 k� j=m_1 m_2−1�

k=m_1 n� r=m_2

Δ_{(1)}(i, j; m_1)^4Δ_{(1)}(k, r; m_2)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r}) +

+ k� i=0 n� j=m_2 m_1−1�

k=0 m_2−1�

r=m_1

Δ_{(1)}(i, j; m_2)^4Δ_{(1)}(k, r; m_1)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r}) +

+ k� i=0 n� j=m_2 m_1−1�

k=0 j� r=m_2

⟨m_1 m_2⟩^4 Δ_{(2)}(i, j; k, r)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r}) � (4.11)

where Δ_{(1)}(i, j; k) is given in eq. (3.13) and we introduce

Δ_{(2)}(i, j; k, r) = j� u=i+1 r� v=k+1

⟨u v⟩ √ z_uz_v . (4.12)

The ‘effective propagator’ DD is defined by

DD(i, j, q_1; k, r, q_2) = χ(i, k, q_1, q_2)χ(r, j, q_2, q_1)χ(j, k, q_1, q_2)D(i, j, q_1)D(k, r, q_2) (4.13)

in terms of D defined previously in eq. (4.8), and χ given by

χ(i, k, q_1, q_2) = � 1 i ≠ k

Δ_{(2)}(q_1,q_2)⟨i, i+1⟩ Δ_{(1)}(q_1;i+1)Δ_{(1)}(q_2;i) i = k

. (4.14)

Finally there are 16 classes of MHV-diagrams contributing to Split^{(n)}_− (m_1, m_2, m_3), coming from the 5 topologies shown in figure 5 and their cyclic permutations. The individual contributions are given by

Split^{(n)}_− (m_1, m_2, m_3) = 1 √ z_1z_n

�_{n−1}

l=1 ⟨l, l + 1⟩ 16� i=1 A^{(i)}(m_1, m_2, m_3) (4.15)

– 11 –

PSfrag replacements

Figure 5: MHV topologies contributing to Split^{(n)}_− (m_1, m_2, m_3). The negative helicity gluons m_1, m_2 and m_3 are distributed in a cyclic way around each diagram. The remaining leg is the negative helicity gluon that remains after the collinear limit is taken.

where

A^{(1)}(m_1, m_2, m_3) =

m_2 −1�

i=m_1 n� j=m_3 m_3−1�

k=m_2 j� r=m_3

z^2_{m1}

Δ_{(1)}(i, j; m_2)^4Δ_{(1)}(k, r; m_3)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(2)}(m_1, m_2, m_3) = k� i=m_1 n� j=m_3 m_2−1�

k=m_1 m_3−1�

r=m_2

z^2_{m1}

Δ_{(1)}(i, j; m_3)^4Δ_{(1)}(k, r; m_2)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(3)}(m_1, m_2, m_3) =

m_1 −1�

i=0 m_3−1�

j=m_2 m_2−1�

k=m_1 j� r=m_2

z^2_{m3}

Δ_{(1)}(i, j; m_1)^4Δ_{(1)}(k, r; m_2)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(4)}(m_1, m_2, m_3) = k� i=0 m_3−1�

j=m_2 m_1−1�

k=0 m_2−1�

r=m_1

z^2_{m3}

Δ_{(1)}(i, j; m_2)^4Δ_{(1)}(k, r; m_1)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(5)}(m_1, m_2, m_3) = k� i=m_1 n� j=m_3 m_2−1�

k=m_1 j� r=m_3

z^2_{m1}

⟨m_2 m_3⟩^4 Δ_{(2)}(i, j; k, r)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(6)}(m_1, m_2, m_3) = k� i=0 m_3−1�

j=m_2 m_1−1�

k=0 j� r=m_2

z^2_{m3}

⟨m_1 m_2⟩^4 Δ_{(2)}(i, j; k, r)^4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(7)}(m_1, m_2, m_3) =

m_1 −1�

i=0 n� j=m_3 m_3−1�

k=m_2 j� r=m_3

�^j�

l=i+1

z_l

�_4 ⟨m_1 m_2⟩^4 Δ_{(1)}(k, r; m_3)4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

– 12 –

A^{(8)}(m_1, m_2, m_3) =

m_1 −1�

i=0 n� j=m_3 m_2−1�

k=m_1 j� r=m_3

�^j�

l=i+1

z_l

�_4 ⟨m_2 m_3⟩^4 Δ_{(1)}(k, r; m_1)4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(9)}(m_1, m_2, m_3) = k� i=0 n� j=m_3 m_1−1�

k=0 m_3−1�

r=m_2

�^j�

l=i+1

z_l

�_4 ⟨m_1 m_2⟩^4 Δ_{(1)}(k, r; m_3)4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(10)}(m_1, m_2, m_3) =

m_1 −1�

i=0 n� j=m_3 m_2−1�

k=m_1 m_3−1�

r=m_2

�^j�

l=i+1

z_l

�_4 ⟨m_1 m_3⟩^4 Δ_{(1)}(k, r; m_2)4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(11)}(m_1, m_2, m_3) = k� i=0 n� j=m_3 m_1−1�

k=0 m_2−1�

r=m_1

�^j�

l=i+1

z_l

�_4 ⟨m_2 m_3⟩^4 Δ_{(1)}(k, r; m_1)4 DD(i, j, q_{i+1,j} ; k, r, q_{k+1,r})

A^{(12)}(m_1, m_2, m_3) =

m_2 −1�

i=m_1 n� j=m_3 r� k=m_2 m_3−1�

r=m_2

z^2_{m1}

Δ_{(1)}(i, k; m_2)^4Δ_{(1)}(r, j; m_3)^4 DD(i, k, q_{i+1,k}; r, j, q_{r+1,j} )

A^{(13)}(m_1, m_2, m_3) =

m_1 −1�

i=0 m_3−1�

j=m_2 r� k=m_1 m_2−1�

r=m_1

z^2_{m3}

Δ_{(1)}(i, k; m_1)^4Δ_{(1)}(r, j; m_2)^4 DD(i, k, q_{i+1,k}; r, j, q_{r+1,j} )

A^{(14)}(m_1, m_2, m_3) =

m_1 −1�

i=0 n� j=m_3 r� k=m_2 m_3−1�

r=m_2

�^k�

l=i+1

z_l

�_4 ⟨m_1 m_2⟩^4 Δ_{(1)}(r, j; m_3)4 DD(i, k, q_{i+1,k}; r, j, q_{r+1,j} )

A^{(15)}(m_1, m_2, m_3) =

m_1 −1�

i=0 n� j=m_3 r� k=m_1 m_2−1�

r=m_1

�^j�

l=r+1

z_l

�_4 ⟨m_2 m_3⟩^4 Δ_{(1)}(i, k; m_1)4 DD(i, k, q_{i+1,k}; r, j, q_{r+1,j} )

A^{(16)}(m_1, m_2, m_3) =

m_1 −1�

i=0 n� j=m_3 m_2−1�

k=m_1 m_3−1�

r=m_2

z^2_{m2}

Δ_{(1)}(i, k; m_1)^4Δ_{(1)}(r, j; m_3)^4 DD(i, k, q_{i+1,k}; r, j, q_{r+1,j} ) . 4.2 Specific results for n < 7 In this section we present compact expressions for splitting amplitudes with up to six collinear gluons. These results are obtained directly from the general expressions given in section 4.1.

First we note that splitting amplitudes satisfy reflection symmetry, split(1^{λ 1} , . . . , n^{λ n} → P^± ) = (−1)^{n+1}split(n^{λ n} , . . . , 1^{λ 1} → P^± ) (4.16) and the dual Ward identity, see e.g. [64],

split(1^{λ 1} , 2^{λ 2} , . . . , n^{λ n} → P^± ) + split(2^{λ 2} , 1^{λ 1} , . . . , n^{λ n} → P^± ) + · · · +split(2^{λ 2} , . . . , 1^{λ 1} , n^{λ n} → P^± ) + split(2^{λ 2} , . . . , n^{λ n} , 1^{λ 1} → P^± ) = 0 . (4.17) These relations reduce the number of independent splitting amplitudes significantly. 4.2.1 n = 2 For two collinear gluons there are two independent splitting amplitudes with ΔM = 0. All others can be obtained by parity and reflection. Setting z_1 = z and z_2 = (1 − z), we find split(1^+, 2^+ → P^+) = 1 � z(1 − z) ⟨12⟩

, (4.18)

– 13 – split(1^− , 2^+ → P^− ) = z^2 � z(1 − z) ⟨12⟩

. (4.19)

As expected, the splitting amplitudes have a single pole proportional to ⟨1 2⟩^{−1} . Note

that in the soft limit z → 0, we see that helicity conservation ensures that split(1^− , 2^+ →

P^− ) → 0.

4.2.2 n = 3 result from MHV rules

For three collinear gluons there are three independent splitting amplitudes with ΔM = 0.

They all follow directly from a single MHV vertex and are given by

split(1^+, 2^+, 3^+ → P^+) = 1 √ z_1z_3 ⟨1 2⟩ ⟨2 3⟩ , split(1^− , 2^+, 3^+ → P^− ) = z^2_1 √ z_1z_3 ⟨1 2⟩ ⟨2 3⟩ , split(1^+, 2^− , 3^+ → P^− ) = z^2 √ z_1z_3 ⟨1 2⟩ ⟨2 3⟩ . Parity and the reflection symmetry, split(1^+, 2^+, 3^− → P^− ) = split(3^− , 2^+, 1^+ → P^− ), give

the rest.

When ΔM = 1, there are three amplitudes,

split(1^− , 2^+, 3^+ → P^+) =

⟨1 2⟩ z_2^2 √ z_1z_2z_3s_{1,2} (z_1 + z_2) � ⟨1 3⟩ √ z_1 + ⟨2 3⟩ √ z_2 �

+ � ⟨1 2⟩ √ z_2 + ⟨1 3⟩ √ z_3

�_3

s_{1,3} ⟨1 2⟩ ⟨2 3⟩ � ⟨1 3⟩ √ z_1 + ⟨2 3⟩ √ z_2

� , (4.20)

split(1^+, 2^− , 3^+ → P^+) = −split(2^− , 1^+, 3^+ → P^+) − split(1^+, 3^+, 2^− → P^+) = ⟨1 2⟩ z_1^2 √ z_1z_2z_3s_{1,2} (z_1 + z_2) � ⟨1 3⟩ √ z_1 + ⟨2 3⟩ √ z_2 � +

+ � ⟨2 1⟩ √ z_1 + ⟨2 3⟩ √ z_3

�_4

s_{1,3} ⟨1 2⟩ ⟨2 3⟩ � ⟨1 3⟩ √ z_1 + ⟨2 3⟩ √ z_2 � � ⟨1 2⟩ √ z_2 + ⟨1 3⟩ √ z_3 �+ + ⟨2 3⟩ z_3^2 √ z_1z_2z_3s_{2,3} (z_2 + z_3) � ⟨1 2⟩ √ z_2 + ⟨1 3⟩ √ z_3

� , (4.21)

split(1^+, 2^+, 3^− → P^+) = split(3^− , 2^+, 1^+ → P^+) . (4.22)

In addition to singular terms like ⟨1 2⟩, we see that the splitting functions contain mixed

terms like s_{1,3}. The net singularity is schematically of the form [ ]⟨ ⟩.

Note that split(1^− , 2^+, 3^+ → P^+) contains poles in s_{1,2} and the triple invariant s_{1,3} =

s_{123} but not in s_{2,3}. This is because there is no MHV rule graph with a three-point vertex

involving two positive helicity gluons.

Expressions for these splitting functions are given in eq. (5.52) of ref. [64]. The results

given here are more compact and have a rather different analytic form. After adjust-

ing the normalisation of the colour matrices, the splitting functions of eqs. (4.20)–(4.21)

numerically agree with those of ref. [64].

– 14 –

PSfrag replacements

Figure 6: BCF diagrams contributing to A(1^− , 2^+, 3^+, 4^+, 5^− , 6^− ).

4.2.3 n = 3 result from the BCF recursion relation We now want to rederive the above results using the BCF recursion relation of [3]. In doing this we will (a) draw some useful comparisons between the ‘BCF recursion’ and the ‘MHV rules’ formalisms from the perspective of collinear amplitudes; and (b) test our expressions, such as eq. (4.20) for split(1^− , 2^+, 3^+ → P^+).

We start with the six-point amplitude A(1^− , 2^+, 3^+, 4^+, 5^− , 6^− ), and calculate it via the BCF recursive approach. We ultimately want to take the collinear limit 1 || 2 || 3 → P^+, so it will be convenient to choose the ‘marked’ gluons (required for the BCF recursive set-up) to be from this collinear set. Hence, we will mark the ^1^− and ^2^+ gluons. There are only two BCF diagrams which contribute to the full amplitude, and they are shown in figure 6. We now note that in this particular collinear limit, only the second of these diagrams contains an on-shell propagator, 1/s_{23}. Nevertheless, in distinction with the MHV rules approach which we have adopted previously, both BCF diagrams need to be taken into account in the collinear limit.

The full amplitude reads

A(1^− , 2^+, 3^+, 4^+, 5^− , 6^− ) = 1 ⟨3|1 + 2|6] � ⟨5|6 + 1|2]^3 [6 1][1 2]⟨3 4⟩⟨4 5⟩s_{3,5} + ⟨1|2 + 3|4]^3 [4 5][5 6]⟨1 2⟩⟨2 3⟩s_{1,3} � , (4.23) where the two terms on the right hand side correspond to the two BCF diagrams above (cf. eq. (2.9) of ref. [3]).

In the 1 || 2 || 3 → P^+ collinear limit, the first term becomes

⟨1 2⟩z^2 √ z_1z_2z_3s_{1,2}(z_1 + z_2)(⟨1 3⟩ √ z_1 + ⟨2 3⟩ √ z_2) × ⟨5 6⟩^4 ⟨5 6⟩⟨6 P ⟩⟨P 4⟩⟨4 5⟩

. (4.24)

This term factors into a contribution to the splitting amplitudes multiplied by a four-point MHV vertex. In contrast, in the collinear limit the second term factors onto the MHV type diagram, written in terms of the anti-holomorphic spinor products,

(⟨1 2⟩ √ z_2 + ⟨1 3⟩ √ z_3)^3 s_{1,3}⟨1 2⟩⟨2 3⟩(⟨1 3⟩ √ z_1 + ⟨2 3⟩ √ z_2) × [P 4]^4 [P 4][4 5][5 6][6 P ]

. (4.25)

For the special case of four-point amplitudes, the MHV and MHV amplitudes coincide and we find an identical result to eq. (4.20).

– 15 –

Likewise, to test our expression for split(1^+, 2^− , 3^+ → P^+) we start from eq. (3.4)

in [3];

A(1^+, 2^− , 3^+, 4^− , 5^+, 6^− ) =

[1 3]^4⟨4 6⟩^4

[1 2][2 3]⟨4 5⟩⟨5 6⟩s_{1,3} ⟨6|1 + 2|3]⟨4|2 + 3|1] + + ⟨2 6⟩^4[3 5]^4

⟨6 1⟩⟨1 2⟩[3 4][4 5]s_{3,5} ⟨6|4 + 5|3]⟨2|3 + 4|5] + + [1 5]^4⟨2 4⟩^4

⟨2 3⟩⟨3 4⟩[5 6][6 1]s_{2,4} ⟨4|2 + 3|1]⟨2|3 + 4|5]

. (4.26)

Taking the collinear limit 1 || 2 || 3 → P^+, we find that

Split(1^+, 2^− , 3^+ → P^+) = z^2 z^2_3 [1 2] √ z_1z_2z_3s_{1,2}(z_1 + z_2) � [1 3] √ z_1 + [2 3] √ z_2 � + + [1 3]^4

s_{1,3}[1 2][2 3] � [1 3] √ z_1 + [2 3] √ z_2 � � [1 2] √ z_2 + [1 3] √ z_3 � + + z^2_1 z^2 [2 3] √ z_1z_2z_3s_{2,3}(z_2 + z_3) � [1 2] √ z_2 + [1 3] √ z_3

� . (4.27)

This result has the same kinematic-invariant pole structure as eq. (4.21), but other-

wise is not obviously equivalent to eq. (4.21). Note that eq. (4.27) contains terms like � [1 2] √ z_2 + [1 3] √ z_3 � (rather than � ⟨1 2⟩ √ z_2 + ⟨1 3⟩ √ z_3 � ). Despite appearances, a more

careful (e.g. numerical) comparison shows that these two results, eqs. (4.21) and (4.27),

are in fact the same.

4.2.4 n = 4

For n = 4, there are five collinear limits coming directly from MHV amplitudes where the

number of gluons with negative helicity doesn’t change, ΔM = 0,

split(1^+, 2^+, 3^+, 4^+ → P^+) = 1 √ z_1z_4 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩

, (4.28)

split(1^− , 2^+, 3^+, 4^+ → P^− ) = z^2_1 √ z_1z_4 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩

, (4.29)

split(1^+, 2^− , 3^+, 4^+ → P^− ) = z^2 √ z_1z_4 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩

. (4.30)

The remaining two are obtained by reflection symmetry,

split(1^+, 2^+, 3^− , 4^+ → P^− ) = −split(4^+, 3^− , 2^+, 1^+ → P^− ) , (4.31)

split(1^+, 2^+, 3^+, 4^− → P^− ) = −split(4^− , 3^+, 2^+, 1^+ → P^− ) . (4.32)

When ΔM = 1, there are ten splitting amplitudes however only three are imdependent,

split(1^− , 2^+, 3^+, 4^+ → P^+) = B_1(1, 2, 3, 4) = − z^{3/2}_2 ⟨1 2⟩ √ z_1z_4 ⟨3 4⟩ s_{1,2} (z_1 + z_2) Δ_{(1)}(0, 2; 3) +

– 16 –

+ Δ_{(1)}(0, 3; 1)^3 √ z_4 ⟨1 2⟩ ⟨2 3⟩ s_{1,3}(z_1+z_2+z_3)Δ_{(1)}(0, 3; 3)Δ_{(1)} (0, 3; 4) − − Δ_{(1)}(0, 4; 1)^3 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ s_{1,4}Δ_{(1)}(0, 4; 4)

, (4.33)

split(1^− , 2^− , 3^+, 4^+ → P^− ) = B_2(1, 2, 3, 4) = − z^{3/2}_1 z^{3/2}_3 ⟨2 3⟩ √ z_2z_4s_{2,3}Δ_{(1)}(1, 3; 1)Δ_{(1)} (1, 3; 4) − − z_1^{3/2}Δ_{(1)}(1, 4; 2)^3 ⟨2 3⟩ ⟨3 4⟩ s_{2,4}Δ_{(1)}(1, 4; 1)Δ_{(1)} (1, 4; 4) (1 − z_1) − − ⟨1 2⟩ (z_1 + z_2)^3 √ z_1z_2z_4 ⟨3 4⟩ s_{1,2}Δ_{(1)}(0, 2; 3) + + ⟨1 2⟩^3 (1 − z_4)^3 √ z_4 ⟨2 3⟩ s_{1,3}Δ_{(1)}(0, 3; 1)Δ_{(1)} (0, 3; 3)Δ_{(1)} (0, 3; 4) − − ⟨1 2⟩^3 s_{1,4}Δ_{(1)}(0, 4; 1)Δ_{(1)} (0, 4; 4) ⟨2 3⟩ ⟨3 4⟩

, (4.34)

and,

split(1^− , 2^+, 3^− , 4^+ → P^− ) = B_3(1, 2, 3, 4) = − z^{3/2}_2 z_3^2 ⟨1 2⟩ √ z_1z_4 ⟨3 4⟩ s_{1,2} (z_1 + z_2) Δ_{(1)}(0, 2; 3) − − z^{3/2}_1 z^{3/2}_2 ⟨2 3⟩ √ z_3z_4s_{2,3}Δ_{(1)}(1, 3; 1)Δ_{(1)} (1, 3; 4) − − z_1^{3/2}Δ_{(1)}(1, 4; 3)^4 ⟨2 3⟩ ⟨3 4⟩ s_{2,4}Δ_{(1)}(1, 4; 1)Δ_{(1)} (1, 4; 2)Δ_{(1)} (1, 4; 4)(1 − z_1) − − z_1^{3/2}Δ_{(1)}(2, 4; 3)^3 ⟨1 2⟩ ⟨3 4⟩ s_{3,4}Δ_{(1)}(2, 4; 2)Δ_{(1)} (2, 4; 4) (z_3 + z_4) + + ⟨1 3⟩^4 (z_1 + z_2 + z_3)^3 √ z_4 ⟨1 2⟩ ⟨2 3⟩ s_{1,3}Δ_{(1)}(0, 3; 1)Δ_{(1)} (0, 3; 3)Δ_{(1)} (0, 3; 4) − − ⟨1 3⟩^4 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ s_{1,4}Δ_{(1)}(0, 4; 4)Δ_{(1)} (0, 4; 1)

, (4.35)

where Δ_{(1)}(i, j; k) is given in eq. (3.13). The seven remaining ΔM = 1 splitting functions can be obtained by using the dual ward identity,

split(1^+, 2^− , 3^+, 4^+ → P^+) = −B_1(2, 1, 3, 4) − B_1(2, 3, 1, 4) − B_1(2, 3, 4, 1) , split(1^+, 2^+, 3^− , 4^+ → P^+) = B_1(3, 4, 2, 1) + B_1(3, 2, 4, 1) + B_1(3, 2, 1, 4) , split(1^− , 2^+, 3^+, 4^− → P^− ) = B_3(4, 3, 1, 2) + B_2(4, 1, 3, 2) + B_2(1, 4, 3, 2) , split(1^+, 2^− , 3^− , 4^+ → P^− ) = −B_3(2, 1, 3, 4) − B_2(2, 3, 1, 4) − B_2(2, 3, 4, 1) , (4.36)

– 17 – or reflection symmetry,

split(1^+, 2^+, 3^+, 4^− → P^+) = −split(4^− , 3^+, 2^+, 1^+ → P^− ) , split(1^+, 2^− , 3^+, 4^− → P^− ) = −split(4^− , 3^+, 2^− , 1^+ → P^− ) , split(1^+, 2^+, 3^− , 4^− → P^− ) = −split(4^− , 3^− , 2^+, 1^+ → P^− ) . (4.37)

Finally splitting functions with ΔM = 2, 3 are related to those given above by the parity transformation.

Inspection of eqs. (4.33), (4.34) and (4.35) reveals that each term is inversely proportional to a single invariant, in keeping with its MHV rules origins. For this type of collinear limit, there are potentially six invariants, the double invariants s_{1,2}, s_{2,3}, s_{3,4}, the triple invariants s_{1,3}, s_{2,4} and s_{1,4}. Some poles are absent because the MHV rules forbid that type of contribution. For example, in split(1^− , 2^+, 3^+, 4^+ → P^+), there are no contributions with poles in s_{2,3}, s_{3,4} or s_{2,4} precisely because these poles correspond to forbidden MHV diagrams.

Expressions for the four gluon splitting functions are given in ref. [64]. The results given here are more compact and have a rather different analytic form. After adjusting the normalisation of the colour matrices, the splitting functions of eqs. (4.33)–(4.35) numerically agree with those of ref. [64].

4.2.5 n = 5 In total there are 64 different splitting amplitudes, but only eleven are independent. The rest can be obtained with the help of parity, reflection and dual ward identities. The three simplest independent collinear limits can be obtained using only MHV rules,

split(1^+, 2^+, 3^+, 4^+, 5^+ → P^+) = 1 √ z_1z_5 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ , split(1^− , 2^+, 3^+, 4^+, 5^+ → P^− ) = z^2_1 √ z_1z_5 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ , split(1^+, 2^− , 3^+, 4^+, 5^+ → P^− ) = z^2 √ z_1z_5 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ . The amplitudes with ΔM = 1 require the application of eqs. (4.7) and (4.9). There are 5 independent amplitudes in this class of splitting amplitudes, but we give here only two examples, one for each of the cases − → + and −− → −,

split(1^− , 2^+, 3^+, 4^+, 5^+ → P^+) = = � Δ_{(1)}(0, 2; 1)

�_3 √ z_1 √ z_1z_5 ⟨1 2⟩ ⟨3 4⟩ ⟨4 5⟩ s_{1,2} (z_1 + z_2) Δ_{(1)}(0, 2; 2)Δ_{(1)} (0, 2; 3) +

+ � Δ_{(1)}(0, 3; 1)

�_3 √ z_1 √ z_1z_5 ⟨1 2⟩ ⟨2 3⟩ ⟨4 5⟩ s_{1,3} (z_1 + z_2 + z_3) Δ_{(1)}(0, 3; 3)Δ_{(1)} (0, 3; 4) +

+ � Δ_{(1)}(0, 4; 1)

�_3 √

z_1 √ z_1z_5 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ s_{1,4} (z_1 + z_2 + z_3 + z_4) Δ_{(1)}(0, 4; 4)Δ_{(1)}(0, 4; 5) −

– 18 –

− � Δ_{(1)}(0, 5; 1)

�_3

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{1,5}Δ_{(1)}(0, 5; 5)

, (4.38)

and,

split(1^− , 2^− , 3^+, 4^+, 5^+ → P^− ) = = z_1^2 � Δ_{(1)}(1, 3; 2)

�_3 √ z_1z_5 ⟨2 3⟩ ⟨4 5⟩ s_{2,3}Δ_{(1)}(1, 3; 1)Δ_{(1)} (1, 3; 3)Δ_{(1)} (1, 3; 4) +

+ z_1^2 � Δ_{(1)}(1, 4; 2)

�_3 √ z_1z_5 ⟨2 3⟩ ⟨3 4⟩ s_{2,4}Δ_{(1)}(1, 4; 1)Δ_{(1)} (1, 4; 4)Δ_{(1)} (1, 4; 5) −

− z_1^2 � Δ_{(1)}(1, 5; 2)

�_3 √

z_5 √ z_1z_5 ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{2,5}Δ_{(1)}(1, 5; 1)Δ_{(1)} (1, 5; 5) (z_2 + z_3 + z_4 + z_5) + + (⟨1 2⟩)^3 (z_1 + z_2)^3 √ z_1 √ z_1z_5 ⟨3 4⟩ ⟨4 5⟩ s_{1,2}Δ_{(1)}(0, 2; 1)Δ_{(1)} (0, 2; 2)Δ_{(1)} (0, 2; 3) + + (⟨1 2⟩)^3 (z_1 + z_2 + z_3)^3 √ z_1 √ z_1z_5 ⟨2 3⟩ ⟨4 5⟩ s_{1,3}Δ_{(1)}(0, 3; 1)Δ_{(1)} (0, 3; 3)Δ_{(1)} (0, 3; 4) + + (⟨1 2⟩)^3 (z_1 + z_2 + z_3 + z_4)^3 √ z_1 √ z_1z_5 ⟨2 3⟩ ⟨3 4⟩ s_{1,4}Δ_{(1)}(0, 4; 1)Δ_{(1)} (0, 4; 4)Δ_{(1)} (0, 4; 5) − − (⟨1 2⟩)^3

⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{1,5}Δ_{(1)}(0, 5; 1)Δ_{(1)} (0, 5; 5)

. (4.39)

The most complicated amplitudes are those with ΔM = 2 and require the use of

eq. (4.11). There are three independent splitting functions, but here we only give one

example.

split(1^− , 2^− , 3^+, 4^+, 5^+ → P^+) = = − � Δ_{(1)}(0, 3; 1)

�_3 �

Δ_{(1)}(1, 3; 2)

�_3 √ z_5 ⟨2 3⟩ ⟨4 5⟩ Δ_{(2)}(0, 3; 1, 3)s_{1,3} (z_1 + z_2 + z_3) Δ_{(1)}(0, 3; 4)s_{2,3}Δ_{(1)}(1, 3; 1)Δ_{(1)}(1, 3; 3) +

+ � Δ_{(1)}(0, 4; 1)

�_3 �

Δ_{(1)}(1, 3; 2)

�_3 √ z_5 ⟨2 3⟩ s_{1,4} (1 − z_5) Δ_{(1)}(0, 4; 4)Δ_{(1)}(0, 4; 5)s_{2,3}Δ_{(1)}(1, 3; 1)Δ_{(1)}(1, 3; 3)Δ_{(1)}(1, 3; 4) −

− � Δ_{(1)}(0, 4; 1)

�_3 �

Δ_{(1)}(1, 4; 2)

�_3 √ z_5 ⟨2 3⟩ ⟨3 4⟩ Δ_{(2)}(0, 4; 1, 4)s_{1,4} (1 − z_5) Δ_{(1)}(0, 4; 5)s_{2,4}Δ_{(1)}(1, 4; 1)Δ_{(1)}(1, 4; 4) −

− � Δ_{(1)}(0, 5; 1)

�_3 �

Δ_{(1)}(1, 3; 2)

�_3

Δ_{(1)}(1, 3; 4) ⟨2 3⟩ ⟨4 5⟩ s_{1,5}Δ_{(1)}(0, 5; 5)Δ_{(1)}(1, 3; 1)Δ_{(1)}(1, 3; 3)s_{2,3} −

− � Δ_{(1)}(1, 4; 2)

�_3 �

Δ_{(1)}(0, 5; 1)

�_3

s_{2,4}Δ_{(1)}(1, 4; 1)Δ_{(1)}(1, 4; 4)Δ_{(1)}(1, 4; 5) ⟨2 3⟩ ⟨3 4⟩ s_{1,5}Δ_{(1)}(0, 5; 5) +

+ � Δ_{(1)}(1, 5; 2)

�_3 �

Δ_{(1)}(0, 5; 1)

�_3

Δ_{(2)}(0, 5; 1, 5)Δ_{(1)}(1, 5; 1)Δ_{(1)}(1, 5; 5)s_{2,5} ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{1,5} +

+ (⟨1 2⟩)^3 � Δ_{(2)}(0, 3; 0, 2)

�_3 √ z_5 ⟨4 5⟩ s_{1,3}(z_1 + z_2 + z_3)Δ_{(1)}(0, 3; 3)Δ_{(1)}(0, 3; 4)s_{1,2}Δ_{(1)}(0, 2; 1)Δ_{(1)}(0, 2; 2)Δ_{(1)}(0, 2; 3) +

+ (⟨1 2⟩)^3 � Δ_{(2)}(0, 4; 0, 2)

�_3 √ z_5 ⟨3 4⟩ s_{1,4} (1 − z_5) Δ_{(1)}(0, 4; 4)Δ_{(1)}(0, 4; 5)s_{1,2}Δ_{(1)}(0, 2; 1)Δ_{(1)}(0, 2; 2)Δ_{(1)}(0, 2; 3) +

– 19 –

+ (⟨1 2⟩)^3 � Δ_{(2)}(0, 4; 0, 3)

�_3 √ z_5 ⟨2 3⟩ s_{1,4} (1 − z_5) Δ_{(1)}(0, 4; 4)Δ_{(1)}(0, 4; 5)s_{1,3}Δ_{(1)}(0, 3; 1)Δ_{(1)}(0, 3; 3)Δ_{(1)}(0, 3; 4) −

− (⟨1 2⟩)^3 � Δ_{(2)}(0, 5; 0, 2)

�_3

⟨3 4⟩ ⟨4 5⟩ s_{1,5}Δ_{(1)}(0, 5; 5)s_{1,2}Δ_{(1)}(0, 2; 1)Δ_{(1)}(0, 2; 2)Δ_{(1)}(0, 2; 3) −

− � Δ_{(2)}(0, 5; 0, 3)

�_3

(⟨1 2⟩)^3

Δ_{(1)}(0, 3; 4)s_{1,3}Δ_{(1)}(0, 3; 1) ⟨2 3⟩ ⟨4 5⟩ s_{1,5}Δ_{(1)}(0, 5; 5)Δ_{(1)}(0, 3; 3) −

− � Δ_{(2)}(0, 5; 0, 4)

�_3

(⟨1 2⟩)^3

Δ_{(1)}(0, 4; 5)Δ_{(1)}(0, 4; 1) ⟨2 3⟩ ⟨3 4⟩ s_{1,5}Δ_{(1)}(0, 5; 5)s_{1,4}Δ_{(1)}(0, 4; 4)

. (4.40)

4.2.6 n = 6

Finally, for six collinear gluons there are 2^7 = 128 different splitting amplitudes, which can

be expressed by 23 independent ones. To find all independent amplitudes we have to use

eq. (4.15) for the first time. Due to the length of the results we give here only two examples

obtained with the help of eqs. (4.7) and (4.9),

split(1^− , 2^+, 3^+, 4^+, 5^+, 6^+ → P^+) = = � Δ_{(1)}(0, 2; 1)

�_3 √

z_1 √ z_1z_6 ⟨1 2⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ s_{1,2} (z_1 + z_2) Δ_{(1)}(0, 2; 2)Δ_{(1)} (0, 2; 3) +

+ � Δ_{(1)}(0, 3; 1)

�_3 √ z_1 √ z_1z_6 ⟨1 2⟩ ⟨2 3⟩ ⟨4 5⟩ ⟨5 6⟩ s_{1,3} (z_1 + z_2 + z_3) Δ_{(1)}(0, 3; 3)Δ_{(1)} (0, 3; 4) +

+ � Δ_{(1)}(0, 4; 1)

�_3 √

z_1 √ z_1z_6 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨5 6⟩ s_{1,4} (z_1 + z_2 + z_3 + z_4) Δ_{(1)}(0, 4; 4)Δ_{(1)} (0, 4; 5) +

+ � Δ_{(1)}(0, 5; 1)

�_3 √

z_1 √ z_1z_6 ⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{1,5} (z_1 + z_2 + z_3 + z_4 + z_5) Δ_{(1)}(0, 5; 5)Δ_{(1)} (0, 5; 6) −

− � Δ_{(1)}(0, 6; 1)

�_3

⟨1 2⟩ ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ s_{1,6}Δ_{(1)}(0, 6; 6)

, (4.41)

split(1^− , 2^− , 3^+, 4^+, 5^+, 6^+ → P^− ) = = z_1^2 � Δ_{(1)}(1, 3; 2)

�_3 √ z_1z_6 ⟨2 3⟩ ⟨4 5⟩ ⟨5 6⟩ s_{2,3}Δ_{(1)}(1, 3; 1)Δ_{(1)} (1, 3; 3)Δ_{(1)} (1, 3; 4) +

+ z_1^2 � Δ_{(1)}(1, 4; 2)

�_3 √ z_1z_6 ⟨2 3⟩ ⟨3 4⟩ ⟨5 6⟩ s_{2,4}Δ_{(1)}(1, 4; 1)Δ_{(1)} (1, 4; 4)Δ_{(1)} (1, 4; 5) +

+ z_1^2 � Δ_{(1)}(1, 5; 2)

�_3 √ z_1z_6 ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{2,5}Δ_{(1)}(1, 5; 1)Δ_{(1)} (1, 5; 5)Δ_{(1)} (1, 5; 6) −

− z_1^2 � Δ_{(1)}(1, 6; 2)

�_3 √ z_6 √ z_1z_6 ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ s_{2,6}Δ_{(1)}(1, 6; 1)Δ_{(1)} (1, 6; 6) (z_2 + z_3 + z_4 + z_5 + z_6) + + (⟨1 2⟩)^3 (z_1 + z_2)^3 √ z_1 √ z_1z_6 ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ s_{1,2}Δ_{(1)}(0, 2; 1)Δ_{(1)} (0, 2; 2)Δ_{(1)} (0, 2; 3) +

– 20 –

+ (⟨1 2⟩)^3 (z_1 + z_2 + z_3)^3 √ z_1 √ z_1z_6 ⟨2 3⟩ ⟨4 5⟩ ⟨5 6⟩ s_{1,3}Δ_{(1)}(0, 3; 1)Δ_{(1)} (0, 3; 3)Δ_{(1)} (0, 3; 4) + + (⟨1 2⟩)^3 (z_1 + z_2 + z_3 + z_4)^3 √ z_1 √ z_1z_6 ⟨2 3⟩ ⟨3 4⟩ ⟨5 6⟩ s_{1,4}Δ_{(1)}(0, 4; 1)Δ_{(1)} (0, 4; 4)Δ_{(1)} (0, 4; 5) + + (⟨1 2⟩)^3 (z_1 + z_2 + z_3 + z_4 + z_5)^3 √ z_1 √ z_1z_6 ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ s_{1,5}Δ_{(1)}(0, 5; 1)Δ_{(1)} (0, 5; 5)Δ_{(1)} (0, 5; 6) − − (⟨1 2⟩)^3 ⟨2 3⟩ ⟨3 4⟩ ⟨4 5⟩ ⟨5 6⟩ s_{1,6}Δ_{(1)}(0, 6; 1)Δ_{(1)} (0, 6; 6)

. (4.42)

5. Conclusion

In this paper we have considered the collinear limit of multi-gluon QCD amplitudes at tree level. We have used the new MHV rules for constructing colour ordered amplitudes from MHV vertices together with the general collinear factorization formula to derive timelike splitting functions that are valid for specific numbers of negative helicity gluons with an arbitrary number of positive helicity gluons (or vice versa). In this limit, the full amplitude factorises into an MHV vertex multiplied by a multi-collinear splitting function that depends on the helicities of the collinear gluons. These splitting functions are derived directly using MHV rules. Out of the full set of MHV-diagrams contributing to the full amplitude, only the subset of MHV-diagrams which contain an internal propagator which goes on-shell in the multi-collinear limit contribute.

We find that the splitting functions can be characterised by ΔM, the difference between the number of negative helicity gluons before taking the collinear limit, and the number after. ΔM + 1 also coincides with the number of MHV vertices involved in the splitting functions. Our main results are splitting functions for arbitrary numbers of gluons where ΔM = 0, 1, 2. Splitting functions where the difference in the number of positive helicity gluons ΔP = 0, 1, 2 are obtained by the parity transformation. These general results are sufficient to describe all collinear limits with up to six gluons. We have given explicit results for up to four collinear gluons for all independent helicity combinations, which numerically agree with the results of ref. [64], together with new results for five and six collinear gluons. This method could be applied to higher numbers of negative helicity gluons, and via the MHV-rules for quark vertices, to the collinear limits of quarks and gluons.

We anticipate that the results presented here will be useful in developing higher order perturbative predictions for observable quantities, such as jet cross sections at the LHC.

Acknowledgments

EWNG and VVK acknowledge the support of PPARC through Senior Fellowships and TGB acknowledges the award of a PPARC studentship.

References

[1] E. Witten, Perturbative gauge theory as a string theory in twistor space, Commun. Math.

Phys. 252 (2004) 189 [hep-th/0312171].

– 21 –

[2] F. Cachazo, P. Svrcek and E. Witten, MHV vertices and tree amplitudes in gauge theory, JHEP 09 (2004) 006 [hep-th/0403047].

[3] R. Britto, F. Cachazo and B. Feng, New recursion relations for tree amplitudes of gluons, Nucl. Phys. B 715 (2005) 499 [hep-th/0412308].

[4] R. Britto, F. Cachazo, B. Feng and E. Witten, Direct proof of tree-level recursion relation in Yang-Mills theory, hep-th/0501052.

[5] D.A. Kosower, All-order collinear behavior in gauge theories, Nucl. Phys. B 552 (1999) 319 [hep-ph/9901201].

[6] S.J. Parke and T.R. Taylor, An amplitude for N gluon scattering, Phys. Rev. Lett. 56 (1986) 2459.

[7] F.A. Berends and W.T. Giele, Recursive calculations for processes with N gluons, Nucl. Phys.

B 306 (1988) 759.

[8] F.A. Berends, R. Kleiss, P. De Causmaecker, R. Gastmans and T.T. Wu, Single bremsstrahlung processes in gauge theories, Phys. Lett. B 103 (1981) 124; P. De Causmaecker, R. Gastmans, W. Troost and T.T. Wu, Multiple bremsstrahlung in gauge theories at high-energies, 1. General formalism for quantum electrodynamics, Nucl. Phys. B 206 (1982) 53;

Z. Xu, D.-H. Zhang, L. Chang, Helicity amplitudes for multiple bremsstrahlung in massless nonabelian gauge theory, 1. New definition of polarization vector and formulation of amplitudes in Grassmann algebra, Tsinghua University preprint TUTP–84/3 (1984), unpublished;

R. Kleiss and W.J. Stirling, Spinor techniques for calculating pp̄ → W^± Z^0 + jets, Nucl. Phys. B 262 (1985) 235;

J.F. Gunion and Z. Kunszt, Improved analytic techniques for tree graph calculations and the ggqq̄ℓ ℓ̄ subprocess, Phys. Lett. B 161 (1985) 333;

Z. Xu, D.-H. Zhang and L. Chang, Helicity amplitudes for multiple bremsstrahlung in massless nonabelian gauge theories, Nucl. Phys. B 291 (1987) 392;

M.L. Mangano and S.J. Parke, Multiparton amplitudes in gauge theories, Phys. Rept. 200 (1991) 301.

[9] G. Georgiou and V.V. Khoze, Tree amplitudes in gauge theory as scalar MHV diagrams, JHEP 05 (2004) 070 [hep-th/0404072].

[10] C.-J. Zhu, The googly amplitudes in gauge theory, JHEP 04 (2004) 032 [hep-th/0403115].

[11] D.A. Kosower, Next-to-maximal helicity violating amplitudes in gauge theory, Phys. Rev. D 71 (2005) 045007 [hep-th/0406175].

[12] I. Bena, Z. Bern and D.A. Kosower, Twistor-space recursive formulation of gauge theory amplitudes, Phys. Rev. D 71 (2005) 045008 [hep-th/0406133].

[13] G. Georgiou, E.W.N. Glover and V.V. Khoze, Non-MHV tree amplitudes in gauge theory, JHEP 07 (2004) 048 [hep-th/0407027].

[14] J.-B. Wu and C.-J. Zhu, Mhv vertices and scattering amplitudes in gauge theory, JHEP 07 (2004) 032 [hep-th/0406085].

[15] J.-B. Wu and C.-J. Zhu, Mhv vertices and fermionic scattering amplitudes in gauge theory with quarks and gluinos, JHEP 09 (2004) 063 [hep-th/0406146].

– 22 –

[16] L.J. Dixon, E.W.N. Glover and V.V. Khoze, MHV rules for Higgs plus multi-gluon amplitudes, JHEP 12 (2004) 015 [hep-th/0411092].

[17] S.D. Badger, E.W.N. Glover and V.V. Khoze, MHV rules for Higgs plus multi-parton amplitudes, JHEP 03 (2005) 023 [hep-th/0412275].

[18] Z. Bern, D. Forde, D.A. Kosower and P. Mastrolia, Twistor-inspired construction of electroweak vector boson currents, hep-ph/0412167.

[19] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, One loop n point gauge theory amplitudes, unitarity and collinear limits, Nucl. Phys. B 425 (1994) 217 [hep-ph/9403226].

[20] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, Fusing gauge theory tree amplitudes into loop amplitudes, Nucl. Phys. B 435 (1995) 59 [hep-ph/9409265].

[21] F. Cachazo, P. Svrcek and E. Witten, Twistor space structure of one-loop amplitudes in gauge theory, JHEP 10 (2004) 074 [hep-th/0406177].

[22] A. Brandhuber, B. Spence and G. Travaglini, One-loop gauge theory amplitudes in N = 4 super Yang-Mills from mhv vertices, Nucl. Phys. B 706 (2005) 150 [hep-th/0407214].

[23] F. Cachazo, P. Svrcek and E. Witten, Gauge theory amplitudes in twistor space and holomorphic anomaly, JHEP 10 (2004) 077 [hep-th/0409245].

[24] I. Bena, Z. Bern, D.A. Kosower and R. Roiban, Loops in twistor space, hep-th/0410054.

[25] F. Cachazo, Holomorphic anomaly of unitarity cuts and one-loop gauge theory amplitudes,

hep-th/0410077.

[26] R. Britto, F. Cachazo and B. Feng, Computing one-loop amplitudes from the holomorphic anomaly of unitarity cuts, Phys. Rev. D 71 (2005) 025012 [hep-th/0410179].

[27] Z. Bern, V. Del Duca, L.J. Dixon and D.A. Kosower, All non-maximally-helicity-violating one-loop seven-gluon amplitudes in N = 4 super-Yang-Mills theory, Phys. Rev. D 71 (2005) 045006 [hep-th/0410224].

[28] R. Britto, F. Cachazo and B. Feng, Coplanarity in twistor space of N = 4 next-to-MHV one-loop amplitude coefficients, Phys. Lett. B 611 (2005) 167 [hep-th/0411107].

[29] R. Britto, F. Cachazo and B. Feng, Generalized unitarity and one-loop amplitudes in N = 4 super-Yang-Mills, hep-th/0412103.

[30] Z. Bern, L.J. Dixon and D.A. Kosower, All next-to-maximally helicity-violating one-loop gluon amplitudes in N = 4 super-Yang-Mills theory, hep-th/0412210.

[31] C. Quigley and M. Rozali, One-loop mhv amplitudes in supersymmetric gauge theories, JHEP 01 (2005) 053 [hep-th/0410278].

[32] S.J. Bidder, N.E.J. Bjerrum-Bohr, L.J. Dixon and D.C. Dunbar, N = 1 supersymmetric one-loop amplitudes and the holomorphic anomaly of unitarity cuts, Phys. Lett. B 606 (2005) 189 [hep-th/0410296].

[33] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, A twistor approach to one-loop amplitudes in N = 1 supersymmetric Yang-Mills theory, Nucl. Phys. B 706 (2005) 100 [hep-th/0410280].

[34] S.J. Bidder, N.E.J. Bjerrum-Bohr, D.C. Dunbar and W.B. Perkins, Twistor space structure of the box coefficients of N = 1 one-loop amplitudes, Phys. Lett. B 608 (2005) 151 [hep-th/0412023].

– 23 –

[35] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, Non-supersymmetric loop amplitudes and MHV vertices, Nucl. Phys. B 712 (2005) 59 [hep-th/0412108].

[36] S.J. Bidder, N.E.J. Bjerrum-Bohr, D.C. Dunbar and W.B. Perkins, One-loop gluon scattering amplitudes in theories with N < 4 supersymmetries, Phys. Lett. B 612 (2005) 75 [hep-th/0502028].

[37] Z. Bern, L.J. Dixon and D.A. Kosower, On-shell recurrence relations for one-loop QCD amplitudes, hep-th/0501240.

[38] R. Roiban, M. Spradlin and A. Volovich, Dissolving N = 4 loop amplitudes into QCD tree amplitudes, Phys. Rev. Lett. 94 (2005) 102002 [hep-th/0412265].

[39] M.-x. Luo and C.-k. Wen, Recursion relations for tree amplitudes in super gauge theories, JHEP 03 (2005) 004 [hep-th/0501121].

[40] M.-x. Luo and C.-k. Wen, Compact formulas for all tree amplitudes of six partons,

hep-th/0502009.

[41] J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, A recursion relation for gravity amplitudes, hep-th/0502146.

[42] F. Cachazo and P. Svrcek, Tree level recursion relations in general relativity,

hep-th/0502160.

[43] Z. Bern, N.E.J. Bjerrum-Bohr and D.C. Dunbar, Inherited twistor-space structure of gravity loop amplitudes, hep-th/0501137.

[44] D.A. Kosower, Multiple singular emission in gauge theories, Phys. Rev. D 67 (2003) 116003 [hep-ph/0212097].

[45] W.T. Giele and E.W.N. Glover, Higher order corrections to jet cross-sections in e^+e^− annihilation, Phys. Rev. D 46 (1992) 1980.

[46] S. Frixione, Z. Kunszt and A. Signer, Three-jet cross sections to next-to-leading order, Nucl.

Phys. B 467 (1996) 399 [hep-ph/9512328].

[47] S. Catani and M.H. Seymour, A general algorithm for calculating jet cross sections in NLO QCD, Nucl. Phys. B 485 (1997) 291 [hep-ph/9605323].

[48] Z. Bern and A.G. Morgan, Massive loop amplitudes from unitarity, Nucl. Phys. B 467 (1996) 479 [hep-ph/9511336].

[49] Z. Bern, L.J. Dixon and D.A. Kosower, Progress in one-loop QCD computations, Ann. Rev.

Nucl. Part. Sci. 46 (1996) 109–148 [hep-ph/9602280].

[50] G. Altarelli and G. Parisi, Asymptotic freedom in parton language, Nucl. Phys. B 126 (1977) 298.

[51] A. Bassetto, M. Ciafaloni and G. Marchesini, Jet structure and infrared sensitive quantities in perturbative QCD, Phys. Rept. 100 (1983) 201.

[52] Z. Bern and G. Chalmers, Factorization in one loop gauge theory, Nucl. Phys. B 447 (1995) 465 [hep-ph/9503236].

[53] Z. Bern, V. Del Duca and C.R. Schmidt, The infrared behavior of one-loop gluon amplitudes at next-to-next-to-leading order, Phys. Lett. B 445 (1998) 168 [hep-ph/9810409].

– 24 –

[54] D.A. Kosower and P. Uwer, One-loop splitting amplitudes in gauge theory, Nucl. Phys. B 563 (1999) 477 [hep-ph/9903515].

[55] Z. Bern, V. Del Duca, W.B. Kilgore and C.R. Schmidt, The infrared behavior of one-loop QCD amplitudes at next-to-next-to-leading order, Phys. Rev. D 60 (1999) 116001 [hep-ph/9903516].

[56] S. Catani and M. Grazzini, The soft-gluon current at one-loop order, Nucl. Phys. B 591 (2000) 435 [hep-ph/0007142].

[57] Z. Bern, L.J. Dixon and D.A. Kosower, Two-loop g → g g splitting amplitudes in QCD, JHEP 08 (2004) 012 [hep-ph/0404293].

[58] S.D. Badger and E.W.N. Glover, Two-loop splitting functions in QCD, JHEP 07 (2004) 040 [hep-ph/0405236].

[59] A. Gehrmann-De Ridder and E.W.N. Glover, A complete o(alpha α_s) calculation of the photon + 1jet rate in e^+e^− annihilation, Nucl. Phys. B 517 (1998) 269 [hep-ph/9707224].

[60] J.M. Campbell and E.W.N. Glover, Double unresolved approximations to multiparton scattering amplitudes, Nucl. Phys. B 527 (1998) 264 [hep-ph/9710255].

[61] S. Catani and M. Grazzini, Collinear factorization and splitting functions for nextto-next-to-leading order QCD calculations, Phys. Lett. B 446 (1999) 143 [hep-ph/9810389].

[62] S. Catani and M. Grazzini, Infrared factorization of tree level QCD amplitudes at the next-to-next-to-leading order and beyond, Nucl. Phys. B 570 (2000) 287 [hep-ph/9908523].

[63] S. Catani, D. de Florian and G. Rodrigo, The triple collinear limit of one-loop QCD amplitudes, Phys. Lett. B 586 (2004) 323 [hep-ph/0312067].

[64] V. Del Duca, A. Frizzo and F. Maltoni, Factorization of tree QCD amplitudes in the high-energy limit and in the collinear limit, Nucl. Phys. B 568 (2000) 211 [hep-ph/9909464].

[65] L.J. Dixon, Calculating scattering amplitudes efficiently, hep-ph/9601359.

– 25 –